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@ Basic notions of Bayesian econometrics
e Bayes theorem; model selection

® State-Space models

o State-space models; the Kalman filter and the likelihood
computation; Bayesian estimation; Kalman smoothing and
shock decomposition; Carter and Kohn and Durbin and
Koopman simulation smoothers, Applications: Time varying
parameter models; Factor models; Stochastic Volatility.

©® An introduction to MCMC methods
e Metropolis-Hastings; Gibbs sampler.
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Outline

Outline — continued

@ DSGEs

e Introducing a simple workhorse DSGE model; Estimation;
forecasting; impulse response function and variance
decomposition.

This is a three hours version of a week long course. The full set of slides
for the course is available here.
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https://www.dropbox.com/sh/243psygn7af8x3a/AAAnvs5-RdQO_q6-0oz2Rnx4a?dl=0
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Basic notions of Bayesian econometrics

Some language

e vi.t ={%1,.¥t,..,yT}: data (sometimes Y for short), Y € ).
When not obvious, we will distinguish between the random variable
yr and its realization y;

e @: parameters, possibly including latent variables; with 8 € ©

o p(y1.7]0): is the distribution of the data given the parameters (a
parametric model); e.g.

Mi: yi=p—+er, ep~ N(0,02)
where 0 = {y,0} and ©® = R x R"

—_ )2
(yt Uzu) )

. 1

= pdf of y1.7is: p(y1.7]0, M1) = I'ItT:1(27mz)*% exp(—E

e Likelihood function: p(y{.7|6, M1) viewed as a function of 8, e.g.
L(0: y2 7, M1) o p(y£ 710, Ma)

e Many models: M;, e.g. My :y: =+ pyi_1+¢t, € ~ N(0,0?),...
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Basic notions of Bayesian econometrics

e Questions:

e The inference problem: What can | learn about 8 from the
observed data y{ 7

e How can | find out whether the data come from model M1, or

Moy, or .7
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Basic notions of Bayesian econometrics

e Bayesian approach: both data Y and parameters 6 are random

e 0 is random: the prior p(#) reflects my uncertainty about 6
before seeing the data

e the posterior p(0|Y) reflects my uncertainty about 6
after seeing the data

e p(0) — p(0Y)? Bayes' law

e Game plan is simple: form beliefs (probabilities) over what you
want to conduct inference on, and update them in light of the
data using Bayes law.
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Basic notions of Bayesian econometrics Bayes' Law

Bayes' law

e Given two events A and B, with joint probability p(A, B) and
marginals p(A) and p(B):

palE) = 0

e Similarly:
’ pO.T) _ pOrrlo)p(®)
p(y1:7) p(y1.1)

p(Olyr.T) =

e How do | get p(y1.7) (marginal likelihood)?

p(Yl:T):/p(aa}/l:T)dg :/P(}/LTW)P(Q)G'G
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Basic notions of Bayesian econometrics Bayes' Law

e Conditional on observed data, the posterior distribution and
marginal likelihood are p(f|yy +) and p(yy 1), respectively.

e Any function k(8|yf.1) o< p(6]y7.1) is a (posterior density) kernel
e Call w the vector of interest (e.g., forecasts — in which case
W = yT41,.. . T+H — €tc. ), and assume you have a vector of interests

density
p(wlyi.T,6, M;)

e Then the object of inference is
pwly? 7 Mi) = [ pluwlyir. 0. Mi)p(Bly2r, Mi)d

(this if we have only one model on the table — we will discuss later
the case where there are many models)
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Basic notions of Bayesian econometrics Bayes' Law

Example |

e Say our model M is of the form

y=0+¢, ¢~ N(0,a?)

1 1(y —0)?
= p(y10) = (2ro)F exp(— 5 1)
where the prior on 6 is given by :
6~ N(MP’ 0;27)
that is
1 1(0 — pp)?
p(9) = (2n02)F exp(— 2 L= L)
O

with pip, 0,2, and ai being known quantities.
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Bayes' Law

Basic notions of Bayesian econometrics

Hence the joint is
p(y,0) = p(y0)p(9) = ((27)?0f02) ">

[(Uf2 + 0;2)02 - 2(Jf2y + 0'1;2[1,,3)0 + 0f2y2 +o, 2p,23]>

1
exp [ —=
PL72
= p(0ly)p(y) = N(pix,02)p(y)
where
2 2
I 9p 2 ) oyl
Hr = — — Y+ — —SMUp, Op =10 + o
U/2+Up2 0/2+ sz (/ p)
and
2 2
ool 1. B B
ply) =(@r—=3) " exp (_2 [o) 2y2+0p2ui—0ﬂ2ui]>
7; -3 2 072 2
=27 (o] + 0o exp(—=[o, (1 — +
(o +o3)) " ool 31er "1 - 2y
052 0,0,
; . _QYNP])

)
2 )Hp T3
o, " +op
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Basic notions of Bayesian econometrics Bayes' Law

e What's the idea? Prior x model (likelihood) deliver a joint:

p(0,y) = p(y|0)p(6)
(this is the u, =0, 0, = 0y = 1 case)

0.1 7:‘{\\§\\
0.08 g \\“\\
0.06 gl \@\\\\
0.04 \\\%\
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Basic notions of Bayesian econometrics Bayes' Law

e Now, | observe yyr, say y° = —1.
e What's the distribution of 8 given that observation? The conditional,
which is  to the joint computed for y = yi: p(0]yy) < p(6, y7)
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Basic notions of Bayesian econometrics Bayes' Law

e What is the marginal likelihood? Simply the marginal for y:
p(yi:1) :/p(97Y1:T)d0

0.3

0.25
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Basic notions of Bayesian econometrics Bayes' Law

e p(y7) is the answer to: How likely was | to observe y? given the
model | had? (and also the normalization constant for the posterior:

p(0ly?) = ”ijy)) )

0.35
0.3
0.25
0.2
0.15
0.1

0.05 ~

-3

0 4 4
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Basic notions of Bayesian econometrics Bayes' Law

e What if the data are more informative (o) = 0,/4)?
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Basic notions of Bayesian econometrics Marginal Likelihood and Model Comparison

Model comparison, Bayes factors, and posterior odds

e Say we are considering two models, M; and M. Which one fits
the data best?

e p(M;) and p(My) are our prior probabilities on the two models,
2

with Y " p(M;) =1
i=1

e What is the probability of model M, after looking at the data?

11,0 _P(YﬁT\Mi)P(Mi)
p(MI|y1:T) - P(yfr)

where p(y7.r|M;) is the marginal likelihood of model M;, and
2

p(y2r) = py2r|Mi)p(M;)

i=1
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Basic notions of Bayesian econometrics Marginal Likelihood and Model Comparison

e So what is the relative probability of model M7 vs M5?

pMilyfr) _ pyfirMi)  p(Mi)
p(Malypr)  ply2rIM2)  p(Ma)
———

Posterior Odds  Bayes Factor Prior Odds

e Why do we care? Because if we have to make decisions about our
vector of interest w, which is model-dependent, then we want to
figure out how to weight the different models :

p(wlyfr) = ZP (wly?r, Mi)p(Milyfr)

e Note: the marginal likelihood is — when normalized — a probability!
Posterior odds are ... odds: they capture all remaining uncertainty
we have on the relative goodness of fit of model M vs M, after
observing the data.
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Basic notions of Bayesian econometrics

e Model M;:
P()’|9,M1)
Pr(9|M1)
e Model Mo:
p(y|07M2)
Pr(6|M3)
e Posterior:
P(0|y,M1
Pr(9|/\/l2

Marco Del Negro

DSGE and State Space Models

Marginal Likelihood and Model Comparison

y=0+¢, e~ N(0,1)
2
p(0) = (27)} exp(~ %)

y=0+c¢, €NN(071)

1if6=0
Pr(0) = { 0 otherwise
y 1
= N e
.2
[ 1ife=0
“ 1 0 otherwise
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Basic notions of Bayesian econometrics Marginal Likelihood and Model Comparison

o M;j (black) vs M; (red)
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Basic notions of Bayesian econometrics Marginal Likelihood and Model Comparison

e Marginal likelihoods:

p(y|My) = (47r)7% exp(_yZ)
p(y|Mz) = (277)_% exp(_y?)

e Bayes factor:

1 2
ply|M1) =(2)7? exp(yZ) > 1, if y* > 2log(2)

p(y|M2)
e Model Ms:
p(yl0,M3): y=e, e~ N(0,1)
1 62
PO Ms) - p(6) = (2m) E exp(~ )

e Same marginal likelihood as My: p(y|M3) = p(y|Mz), but very
different posterior:
2

p(0ly. M) = (2r)  exp(~ %)
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Basic notions of Bayesian econometrics Marginal Likelihood and Model Comparison

Marginal Likelihood as out-of-sample concept

e The marginal data density addresses the question: What is model
M;'s a priori (hence, out-of-sample) guess for what the data are
going to look like?

poariM) = [ ploncr] 6, Mp(6lM)ds
. and how does such a guess compare with what the data turned

out to be? Marginal likelihood is the likelihood of observing the data
under model M;: p(yy 7| M;)

e .. Or, how well did model M; predict the data y;+?

e Models that make sharper predictions — if such predictions are not at
odds with the data y;.+ — are favored (= penalty for
over-parameterization).
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Basic notions of Bayesian econometrics Marginal Likelihood and Model Comparison

e Predictive density: p(y7+1:7+H|y1 7, M)
e Predictive likelihood: p(y%, 1.7 nlyeT> Mi)

e Marginal likelihood is the product of predictive densities — obtained
after recursively updating (at every t) the prior/posterior!

plyrrIMi) = p(yTIyLr—1, Mi)p(yLr_1I M)
=N ,p( lyRe 1. Mi)p(y?IM,)

where p(y7|M;) = /p(y{’| 0, M;)p(8|M,;)d0 is the predictive

likelihood for y; obtained using the prior.

e M. Friedman (“The Methodology of Positive Economics,” 1953)
Theory is to be judged by its predictive power . . . The only
relevant test of the validity of a hypothesis is comparison of its
predictions with experience.

e Exercise: Show that the overall posterior p(f|y;.7) is
obtained by recursive updating, that is, at each step
t you start from the t—1 posterior p(f|y1.;—1) and
update it using the likelihood p(y¢|y1.t—1,0)-
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State-Space models State-space models: the Kalman filter

State-space models

e Transition equation:
St = T(H)St_l + R(Q)Et, t= ]., aey T

where s; is k X 1, ; is r x 1, € is a vector of model parameters, and
T(0) (k x k) and R(6) (k x r) are functions of these parameters.
E.g.

S¢ = 0151 + Ooeyr

where simply T(6) = 0, and R(6) = 6,.
e Measurement equation:
Yt = Z(H)Sf + D(()) + Ut, t= 17"7 T
where y; is n x 1, Z(0) is n x k and D(0) is n x 1. E.g.
Yt = 93 + 0451: + ug

where Z(0) = 64 and D(0) = 6.
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State-Space models State-space models: the Kalman filter

e Distribution of the shocks (¢;)/measurement error (u;):
ee ~ N(0, Q(9)) iid, Q(0) diagonal; u; ~ N(0, H(9)) iid

where Q(6) is a diagonal matrix with the s of each shock on the
diagonal (although you do not have to impose this condition on
what follows). We will also assume in the derivations that

Eluse}] =0, all s,t, although again it is straightforward to derive
formulas that allow for correlation.

e |nitial conditions:
So ~ N(50|o, P0|0)
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State-Space models State-space models: the Kalman filter

p(y1.7|0) for state-space models

e We want to compute

p(y1:7|0) = p(yT, ..., y110)

e Use conditioning!

p(yr, - y1l0) = plyrlyr—1,-y1,0)P(YT-1, -, ¥1,0)
= plyrlyr.7-1,0)..p(ye|y1:e—1,6)..p(y1]6)

= HP()’tb/l:t—l,@)

=1

~+

where y1.0 = {} (i.e., p(y1|y1.0,0) is the unconditional probability).
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State-Space models State-space models: the Kalman filter

e But p(yt|y1.t—1,0) is Gaussian, and the Gaussian distribution is fully
nailed down by its mean and variance.

e If we know Yijt—-1 = E(yt|y1:t-1,0) and Vt\t—l = Var(ye|yr.e-1,0) we
can compute

p(velyre-1,0) = (2m) % |Vir_q| 2
1 _
exp <—2(Yt - yt\tfl)/vt‘tl_l()/t - )/tt1>

T
and hence p(y1.710) = Hp(yt|y1;t,1,9)

t=1
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State-Space models

State-space models: the Kalman filter

How do we get y;;—1 and Vj;_17 Kalman filter!

e The Kalman filter is a recursive algorithm.

e Say you know

St—1/t—1 = E(St-1ly1:t-1,0), Pr_1/t—1 = Var(si—1|y1.t—1,0)

St—1/t—1
Pt—l/t—l

e Forecasting:
@ Use

to obtain

® Use

to obtain

Marco Del Negro

forecasting  Sy/¢—
t/t—1

Yt/t—1  update  Si/p
— —

Pt/t—l Vt/t—l 'Dt/t
st = T(0)si—1 + R(0)e:

Stjt—1 = Tst—l\t—l

Pt\t—l = TPt—1|t—1 T+ RQRI
Y = 2(9)5[- + D(@) + U, t= 17 vy T

Yejt—1 = ZS¢je—1+ D

Vt\t—l = ZPt\t—lzl +H

DSGE and State Space Models Central Bank of Argentina
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State-space models: the Kalman filter

State-Space models

e Updating
e An aside on conditional distribution for Gaussian variables (normal

updating). Say y and s are jointly Gaussian
Yy on( P Ly Xy
s s Z;,S Yo
then here's how you get the conditional distribution
Elsly] = us + E. 5, (v — 1)

Visly] = Tes — 5,5, T s
e By the same token, since the distribution of s; and y; conditional on
t — 1 information is
Yi|t—1 Vt\t—l Z'Dt\t—l })
1 N
Vel ( St|t—1 [ Pt\t—lz/ Pte—1

St|t = St|t— 1+Pt|t 1Z/Vt\t 1 (Ve = yeje-1)

— _ p/ -
Pt = P tlt— 1Z' Vt\t 14Ptje—1
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State-Space models State-space models: the Kalman filter

e How do we start the algorithm? Recall we assumed

so ~ N(soj0, Pojo)

e How do we choose sy, Pojo? If s; is stationary, a natural choice is
the ergodic distribution: syo = E[s¢] = 0, and Pgjo = E[s;s;] solves
the Lyapunov equation

Pojo = TPoo T’ + RQR'
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State-Space models

e Note that

where K; = TP,

State-space models: the Kalman filter

St+1lt = Tst\t—l + Ke(y: — Yt\t—l)
Pt+1\t = TPt|t—1 T/ - T'Dé\t—lz/KL{ + RQRI

4 Vt‘_tl_1 is called the Kalman gain.

 Recursive formulation for Py
= TPy T — TP;lt_lZ’Kt’ + RQR'
= TPyerT' = TP, 1 Z' V21 ZPye1 T' + RQR'

Pt+1|t

= TP

tlt—1

tjt—1

(I = Z'(ZPye—1Z' + H) 7 ZPye_1) T' + RQR'

for t — oo, 'Dt+1|t — 151‘0 and K; — K

Marco Del Negro

St+1]t

T5t|t—1 + R(Yt - )’t\t—l)

K(y: — D) — K(}/t|t71 - D)+ Tst\t—l
K(ye — D)+ (T — RZ)5t|t71

o0
_ KZVK .
> (T —KZYK(ye—j - D)
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State-Space models State-space models: the Kalman filter

Innovation representation

tit—1 — t+ 1t
Define the innovations

Xt = St — St/t—1
and the forecast errors

Ve =Yt = Yt/t—1 = Zxe + uy

Define Ly = T — K:Z, then
Xey1 = Tst+ Reeyr — Tsyp1 — Kevr
= Txy — KiZx; + Rerya
Lixi + Reeq
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State-Space models State-space models: the Kalman filter

e These formulas are the “innovation analogue” of the state-space
model. An alternative updating formula for P, . is:

Pt+1|t = TPt|t—1L/t + RQR/a

and the whole Kalman filter recursion can be defined in terms of v,
St|t—1, P¢jt—1, the formula for V;;_; and the matrices K; and L;.

e Used in Koopman, Disturbance smoother for state space models,
Biometrika 1993. Here are some notes of mine (and Jenny Chan,
Dan Greenwald) explaining Koopman's smoother using our notation,
and some Matlab code implementing it (see kalsmth k93.m).
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https://github.com/FRBNY-DSGE/DSGE-2015-Apr/tree/master/kalman

State-Space models Latent variables: Smoothing and simulation smoothers

Learning about latent variables

e Address questions like

e What are the drivers of business cycles? What shocks caused
the Great Recession? ...

o How large is the output gap (9 — 91)?

e Want to draw from

p(so:716, y1:7)

e ... but the shocks are not part of s;.;! Just add them: Create the
variables s;, defined by

S; = ¢,
and stack them to s;: 3; = [st,s{]. The new tansition equation is:
& = T(0)5—1+ R(0)e:
where T(6) and R(6) are adjusted to accommodate s; .
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State-Space models Latent variables: Smoothing and simulation smoothers

e |n terms of Bayesian updating the joint distribution of data and
unobservables (parameters and latent variables) is given by:

p(y1:7,50:7,60) = p(y1:7150:7,6) p(s0:710) P()
—_——— ——

measurement transition

e We integrate out the states sp.7 (Kalman filter):

p(y1:710)p(0) = /P(Y1:T|50:T,9)P(50:T|9)d50:r p(0)

P(Y1:T|9)

e ... and write the joint posterior of 0, sp.7 | y1.7 as marginal times

conditional:
p(SO:T; 0|y1:T) = p(SO:T|97 }/1:T)P(9|)/1:T)

DSGE and State Space Models Central Bank of Argentina
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State-Space models Latent variables: Smoothing and simulation smoothers

Smoothing and simulation smoothers

e How do we draw from p(sp.7|6, y1.7)? Realize that (omitting 6 from
the conditioning to simplify notation)

P(So:T|YI:T) :p(So|S1;T,}/I,T)P(SI:TD/LT)
[T—1
= H p(5t|5t+1:T7y1:T)] p(st|y1.7)

L t=0
[T-1

- Hp(5t|5t+1:T7y1:t)] p(stlyiT) (%)
L t=0
-1

=1]] p(st|st+1,y1;t)] p(stlyrt)  (%%)

L t=0

e Step (x): Why is p(s¢|se41:7, y1:7) = P(St|st+1:7, y1:¢)? Note that
Yivj = LSt+j + Uryj, j > 1.

Since u;yj, j > 1is independent from e;_s, s> 0, there is no
additional information in y;; about s; if | already know s; ;.
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State-Space models Latent variables: Smoothing and simulation smoothers

Step (+*): Why is p(st|st+1.7, y1:t) = p(St|se+1, y1:1)? Note that

J
Str1+j = 1'Seq1 + Z TJ?kR5t+1+ja Jj=>1
k=1
Call

Stser1,yie — E [st[st+1, y1:e] s St+14j|ser1,y10 — E [str14)]St+1, Y1t
and realize that conditional on yy.+, s; and s;;1.; are uncorrelated
and therefore independent (gaussianity):

/
E |:(sf - 5t|Sz+1,y1:z> (st+1+j - St+1+j|51+17y1:t) ‘St+1ay1:tj| =
/

J

- B

E (St—stlsm,yl;t) E:TJ Rett14j | [se+1,y1e| =0
k=1

because Elesi14jle1:++1] = O (i.i.d. assumption).
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State-Space models Carter and Kohn

Simulation smoother (Carter and Kohn)

We have established that
T—1

p(so:Tly1:7) lH P(stlst+1, y1: t)‘| p(stlyr.7)
t=0

This implies that the sequence s;.7, conditional on y;.7, can be
drawn recursively:

® Draw st from p(st|y1.7)

@® Fort=T-1,..,0, draw s; from p(st|st+1,y1:t)
How do | draw from p(st|y1.7)7?

i) I know that st|y;.7 is gaussian, ii) | have st = E[st|y1.7] and
PriT = Var[st|y1.7] from the filtering procedure =

stlyr.t ~ N (sti7, Pri7)

Marco Del Negro DSGE and State Space Models Central Bank of Argentina
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State-Space models

Carter and Kohn

e How do we draw from p(s¢|sti1,y1:¢)? We know that

St+1

s P TP
L~ N t+1|t [ t+1|t t|t })
St Yix < St|t 'Dt\tT/ 'Dtlt

Note: 1) easy to show that E [(S¢+1 — Se+1)¢)(St — Stje)'] = TPy, 2)
we know all these matrices from the Kalman filter.

e Then ...

e ... and

Marco Del Negro

E [st|St41, y1:¢] = St|r + Pi‘tT’P{fm(Sm - 5t+1\t)

Var [s¢|st41, y1:t] = Pt|t - g\tT/Pt_-i-ll\tTPt\t

5t|5t+17y1:t ~ N(E [st|5t+17y1:t] , Var [St‘5t+1,)/1:t])
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State-Space models Kalman smoothing

Kalman smoothing

e What if | just want to know s;7 = E [s¢|y1.7] and
Pt|T = Var [s¢|y1.7]? (note ST # E[st|str1, y1:4]")
Two approaches:

@ If I've run my simulation smoother, | have the draws from the
Jjoint p(so-7|y1:1) : Sy 7+ j=1,..,n"". Take the draws from the

marginal (namely s, j=1,..,n™) and compute mean and
variance!

@® Kalman smoothing (from the “old days”, when simulation

smoothing was computationally challenging). Again, the
algorithm is recursive:

© Derive a mapping (S41/7, Pey1yr) — (St Py7)

® Start from (s77, Pr|7) and proceed backwards for
t=T-1,.,0
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State-Space models Kalman smoothing

e let's derive the mapping:

Syt = E[5t|}/1:T]
= E [E [st|St+1, y1.7] [y1:7] (%)
= E[E [st[st+1, yi:e] [y1:7] ()

=E [sﬂt + P;|tT/P;+11|t(5f+1 — Sep1ye)lyiT| (%% %)

= 5t|t+Pz{|tT/P;|_11‘t(st+l\T *5t+1\t) (% *x)

e Step (*): Law of iterated expectations

e Step (#x): Given syi1, yr41.7 contains no additional information
about s; (see discussion above)

e Step (* * x): Plug in formula obtained before

e Step (x * xx): All .|t variables are known given y;.7 (since
information spanned by y;.; is contained in the information set

spanned by y1.7)
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State-Space models Kalman smoothing

e Similarly

Pyt = E[(st — sey7)(se — se7) Iya:7]

= E[seselyr] - St\TS{‘\T (*)

= E[E[sesi|se1, yut] lyir] = sy7syr ()

= E[E [stst|st+1, yree] [yr7] — stlTs;|T (o %)
= Py — PgltT’P;jllt (Peyaje — Peyai7) PHlltTPm (¢ % %)

e Step (%): Var(x) = E(x?) — E(x)?
e Step (#x) and (x % %): same as before

e Homework: you figure out (x x %x)
hint: realize that s;11 — Sey1)t = St41 — Se1|T + Se1|T — St+1e
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State-Space models Kalman smoothing

Some references

Kalman filter/smoother:
e relevant chapter in James D. Hamilton. 1994. Time Series Analysis.
Princeton University Press
Books on simulation smoothers/state-space models:
e James Durbin and Siem Jan Koopman. 2001. Time Series Analysis
by State Space Methods. Oxford University Press
e Chang-Jin Kim and Charles R. Nelson. 1998. State-Space Models
with Regime-Switching: Classical and Gibbs-Sampling Approaches
with Applications. MIT Press
e Giordani, P., M.K. Pitt, and R. Kohn (2011), “Bayesian Inference for
Time Series State Space Models.” In J. Geweke, G. Koop, and H.
van Dijk (eds.), Handbook of Bayesian Econometrics, Oxford
University Press
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https://www.researchgate.net/profile/Siem_Jan_Koopman/publication/227468262_Time_Series_Analysis_by_State_Space_Methods_Second_Edition/links/02bfe50e8536844b0d000000.pdf
https://www.researchgate.net/profile/Siem_Jan_Koopman/publication/227468262_Time_Series_Analysis_by_State_Space_Methods_Second_Edition/links/02bfe50e8536844b0d000000.pdf
https://ideas.repec.org/b/mtp/titles/0262112388.html
https://ideas.repec.org/b/mtp/titles/0262112388.html
https://ideas.repec.org/b/mtp/titles/0262112388.html
http://www.oxfordhandbooks.com/view/10.1093/oxfordhb/9780199559084.001.0001/oxfordhb-9780199559084-e-4
http://www.oxfordhandbooks.com/view/10.1093/oxfordhb/9780199559084.001.0001/oxfordhb-9780199559084-e-4

State-Space models Kalman smoothing

Fast smoothers: The idea

Durbin and Koopman, A simple and efficient for state space time series
analysis, Biometrika 2002
e Say you have two normally distributed random variables, x and y.
You know how to (i) draw from the joint p(x,y) and (ii) to compute
E[x|y].
e You want to generate a draw from x|y® ~ N (E[x|y°], W) for some
y°. Proceed as follows:

©® Generate a draw (x*, y™) from p(x, y).
By definition, x™ is also a draw from p(x|y™") = N(E[x|y*], W) or,
alternatively, x* — E[x|y™] is a draw from N'(0, W) .

® Use E[x|y°] + xT — E[x|y™] is a draw from N'(E[x|y°], W)
Since the variables are normally distributed the scale W does not
depend on the location y (draw a two dimensional normal, or review
the formulas for normal updating, to convince yourself that is the

case). Hence p(x|y™) and p(x|y°) have the same variance W, which
means that E[x|y°] + xT — E[x|y™] is a draw from N'(E[x|y°], W).
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http://biomet.oxfordjournals.org/content/89/3/603.short
http://biomet.oxfordjournals.org/content/89/3/603.short

Fast smoothers

Fast smoothers

State-Space models

e Imagine you know how to compute the smoothed estimates of the
shocks El[e1.7]y1.7] (see Koopman, Disturbance smoother for state

space models, Biometrika 1993)

e ... and want to obtain draws from p(e1.7|y1.7) (again, we omit 6 for
notational simplicity). Proceed as follows:

©® Generate a new draw (¢ 7, s; 1, v, 1) from p(e1.7,s1.7, y1.7) by
drawing spjo and €1.7 from their respective distributions, and then
using the transition and measurement equations.

® Compute Ele1.7|y1.7] and E[e1.7|y,'7] (and E[si.7|y1.7] and
Elsi.7|y; 7] if need the states);

© Compute Ele1.7|y1.7] + ] 7 — Ele1.7ly; 7] (and
Elsirlyit] + s — Elsutlyir] ).
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State-Space models Fast smoothers

e Refinement: Given that the conditional expectations E[e1.7|y1.7]
and E[e1.7]y; 7] are linear in y, steps 1 and 3 can be sped up by
computing E[e1.7|y1.7 — y; 7] and then obtaining the draw from
el + Eler.7ly1.T — yi'7]. The last two steps in the algorithm
change as follows:

@ Compute Ele1.7]y; 7] (and E[s1.7|y;y.7] if need the states);
@® Compute Ele1.7|yji7] + )7 (and E[si.7ly1 7] + 517 )

e Here is some Matlab code implementing the Durbin Koopman
smoother.
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https://github.com/FRBNY-DSGE/DSGE-2015-Apr/blob/master/kalman/drawstates_dk02.m

State-Space models Forecasting

Forecasting

e How do we generate forecasts y11.7+y from a state-space model?

Simple...

P(YT+1:T+H|Y1:T) =
/ P(yT41:7+H|ST, 0, y1.7) P(5T|0, y1.7) P(Oly1.T) d(sT,6)
(57'79) %,—/ H,—/

posterior of s7|0 posterior of 6

where

p(YT41:74H|5T, 0, y1.7) =/ P(YT+1:T+H|ST+1:T+H)

ST+L:T+H

p(sT41:7+H|ST, 0, y1:7)dST41: T+ H
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State-Space models Forecasting

In words...:

@ Use the Kalman filter to compute mean and variance of the
distribution p(sT|9(j),y1;T). Generate a draw s(Tj) from this
distribution, where 0Y) is a draw from the posterior of 6.

@® Draw from sy 1.7+1|(s7,0, y1.7) by generating a sequence of
innovations 6(7{)+1:T+H' and iterating the state transition equation

forward starting from s(TJ):

s9) = T(0V)sY | + ROV, t=T+1,..., T+H.

© Use the measurement equation to obtain y(TJlerJrH:
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State-Space models Forecasting

Point forecasts

e Given a loss function L(y71p, ¥7+1), find the prediction that
minimizes the posterior expected loss:

J74n T = argming / L(yT+n, 0)P(YT+nlyr:T)dyT -

YT+h

e |f you have a quadratic loss function
L(yT+n,0) = tr[(yr4n — 0) W(yTsn — 9)]

where W is a symmetric positive-definite weight matrix the optimal
predictor is the posterior mean

Nsim

. 1 j
YT4+hT = / YT+hP(}’T+h|y1:T)d}/T+h ~ Zy(Tth,
YT+h Nsim j=1
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State-Space models Estimation

Estimation of State-space Models

e Come up with a prior p(6).

e Obtain posterior
p(0ly1:7) o< p(y1:7|0)p(0)

where oc comes from the fact that p(y1.7) does not depend on 6.

e How do | draw from p(0|y1.7) when it is unrecognizable? MCMC
(Markov Chain Montecarlo) methods!
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Introduction to MCMC methods

Simulation Methods

e Say you have a posterior

7T(9\)/1:T) = P(Y1;T|9)P(9)/P(Y1;T)
that is is not of known form.

e How do | draw from 7(0|y1.7)? MCMC (Markov Chain Montecarlo)
methods!

e Monte Carlo methods are a class of computational algorithms
that rely on repeated random sampling to compute their

results: Use the computer to generate a (very long) sequence of
draws {#), ..., 00~1) 90) g}

e Markov Chain because the way draws are generated follows a
Markov structure: #U=1) — gU).
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Introduction to MCMC methods

Some references

Textbooks:

e Andrew Gelman, John B. Carlin, Hal S. Stern, Donald B. Rubin.
Bayesian Data Analysis, Second Edition. Chapman & Hall/CRC
Texts in Statistical Science. comment: great manual for MCMC
methods

e John Geweke. Contemporary Bayesian Econometrics and Statistics.
John Wiley & Sons, Inc. 2005. comment: great overview of Bayesian
methods in econometrics, also, discussion of why MCMC works

e Fabio Canova. Methods for Applied Macroeconomic Research.
Princeton University Press. 2007. comment: overview of
quantitative methods in macroeconomics

e Tony Lancaster. An introduction to modern Bayesian econometrics.

Wiley-Blackwell. 2004 comment: Introduction to Bayesian
econometrics
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http://tocs.ulb.tu-darmstadt.de/113302258.pdf
https://pup.princeton.edu/titles/8434.html
http://www.econ.brown.edu/Faculty/Tony_Lancaster/papers/book_selection.pdf

Introduction to MCMC methods

e Ed Herbst and Frank Schorfheide. Bayesian Estimation of DSGE
Models. Princeton University Press. 2015. comment: Most updated
book on DSGE Estimation; chapters on SMC and particle filter

Articles:

e Chib and Greenberg. Understanding the Metropolis Hastings
Algorithm. American Statistician, 49(4), 327335, 1995.

e Chib, “Introduction to Simulation and MCMC Methods,” In J.

Geweke, G. Koop, and H. van Dijk (eds.), Handbook of Bayesian
Econometrics, Oxford University Press
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http://sites.sas.upenn.edu/schorf/pages/bayesian-estimation-dsge-models
http://sites.sas.upenn.edu/schorf/pages/bayesian-estimation-dsge-models
http://www2.stat.duke.edu/~scs/Courses/Stat376/Papers/Basic/ChibGreenberg1995.pdf
http://www2.stat.duke.edu/~scs/Courses/Stat376/Papers/Basic/ChibGreenberg1995.pdf
http://www.oxfordhandbooks.com/view/10.1093/oxfordhb/9780199559084.001.0001/oxfordhb-9780199559084-e-6

Introduction to MCMC methods

Classical Simulation Methods

Classical Simulation Methods: Accept-reject

e This is MC (Monte Carlo) but not MC (Markov Chain)

e The goal is to obtain draws from 7(#). Draw 6 from a so-called

proposal or source density g(6) (we drop the conditioning on y;.7 for
simplicity) which is such that, for all § € ©:

() < cq(0)
7(0)

that is ¢ = sup
( [4E) CI(G))

o Algorithm: For each iteration j =1, .., J

@ Propose 0" ~ g(0) and U ~ Unif[0, 1]
® Accept-Reject: set ¢/ = 0 if

J - )
~ cq(f)
otherwise repeat (1).
© Collect {#V, ..., 0V}
Marco Del Negro DSGE and State Space Models
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Introduction to MCMC methods Classical Simulation Methods

e Dots are Ucq(6). Reject if Ucq(8) > (6).

e Intuition: Reject if the “gap” between proposal g(6) and true
distribution m(0) is large.

> — m(fly)

== cqlbly)
rejected

accepted
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Introduction to MCMC methods Classical Simulation Methods

e Example: drawing from truncated standard normal using standard
normal as proposal (note: ¢ = 2).

0.8

0.6 1

— Target Ng0(0,1)
—- Proposal N(0,1)

Marco Del Negro DSGE and State Space Models Central Bank of Argentina 56 / 172



Introduction to MCMC methods Classical Simulation Methods

Importance Sampling

e Say you want to compute

E.[h(0)] = / h(0)x(0)d0

where 7( f : 90) — that is, k(0) is the kernel.
e That is equal to:
k(6 k()
oy = L TOS a0 Ed)f3)
" (

[ia@)de— ELL

so the following should be a reasonable estimator

hy= 5 3 w(eD)h(e0)

J
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Introduction to MCMC methods Classical Simulation Methods

e Importance sampling works as long as the importance weights

32, k(09)/q(60))

are bounded as a function of 6 (see Geweke 2005 for more details).

e Key advantage of importance sampling relative to accept-reject is
that in the former you do not have to know/compute the bound
(you just have to know that they are bounded), in the latter you
have to know c.
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Introduction to MCMC methods Classical Simulation Methods

[llustration

If 6"'s are draws from g(-) then

LIS h@wE) k)
Enlh] ~ 25202 w(e) =
7 2= w(b) q(f)
0.40 T
0.35} g
0.30} g
0.25} g
0.20} i
0.15} g
0.10} _
0.05f- g
0.00 ~
-6 -4 -2 0 2 4 6
weights
00O . f/g1 e 0000 OD GEEIDGIED GBP O O
119 9 como=-
-6 i ) 0 2 n 6
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Introduction to MCMC methods Classical Simulation Methods

Accuracy

e Since we are generating iid draws from g(6), it's fairly
straightforward to derive a CLT:

e |t can be shown that
VI(hy=Ex[h]) = J(0,9(h)), where Q(h) = Vg[(w/q)(h—Ex[h])].

e Using a crude approximation (see, e.g., Liu (2008)), we can factorize
Q(h) as follows:

Q(h) = Ve [h](Vq[r/q] +1).

The approximation highlights that the larger the variance of the
importance weights, the less accurate the Monte Carlo
approximation relative to the accuracy that could be achieved with
an iid sample from the posterior.

e Users often monitor

Valh] _ J

B2 =y © T Vyln/a
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Introduction to MCMC methods Classical Simulation Methods

Marc

Sampling Importance Re-sampling (SIR)

How can we get draws (as opposed to just moments) from 7(6)?
: (0) PP )
Since 7(0) = mq(@), then if {6\, ...,0)} are draws from q(6)

the target can be expressed as the discreet distribution
#(0) = w(09))s(0 — 6Y))
with §(0 — 0Y)) = 1 if = #Y) and zero otherwise (Dirac).
Call {9(1),...,6“)} particles.
So to get new particles {9*(1), - 9*(L)} just resample {9(1), ...,Q(J)}
with replacement with probabilities {w(6Y))}.

oY o VAR oA
A i / &
(6]y)
q(0ly)
o raYay o o) o o
A\ A - A\ Ny A\ A\
1) 0
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Introduction to MCMC methods Metropolis Hastings

MCMC

e Imagine you have a (proper, ie. /K(t‘),m)dGJr = 1) transition

kernel K(6,6") that is reversible, i.e., that satisfies
K(6,0M)r(0) = K(6%,0)x(67)

(the likelihood of moving from 6 to 67 is the same as the likelihood
of the reverse move)

e ... then it is also invariant, i.e.

(01) = / K(0,0M)r(0)d0
(once you have converged to m(6), you remain in w(6)).

e History. From the question “What does K (#,0") converge to?" to
“How can | build a K(6,6")converging to m(6)? "
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Introduction to MCMC methods Metropolis Hastings

Metropolis-Hastings Algorithm

e Draw 0* from a so-called proposal density g(6*[0U~1).

e Set AY) = 0* with probability

faG=1)y _ (0" |yr.7)/q(6%[0Y 1)
a(f |9( 1)) = min {1, 71'(90_1)yl;-r)/q(eu_l)w*)}

and Y = gU=1 otherwise.
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Introduction to MCMC methods Metropolis Hastings

e Why does MH work — that is, why is it reversible?

e Imagine the case where
q(67160)(6) > q(016%)m(67)

(more likely to move § — 0" than 6* — 0)

e We can “correct the flow”" by introducing probabilities «(6*|6) and
a(0|6™) such that

a(0710)q(07|0)m(0) = q(0]6")m(07)a(6]67)

e Specifically, make a(0|6*) as high as possible (a(#|60*) = 1) and

then choose (616 )7(6%)
A0 =@ oy o)
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Introduction to MCMC methods Metropolis Hastings

e But since you do not always make a move, the kernel Ku(6,67)
has actually two components:

Kin(0,0%) = a(6(0)q(0"]0) + 3(6" — 0)r(0)
where §(#') is the Dirac function

1 ifo=6t
T — =
o0 0) { 0 otherwise.

and

r() = /(1 —a(0116))q(6710)doT =1 — /a(mw)q(mw)dm

(note: /04(9‘L|9)q(9ﬂ9)d9T is the average acceptance probability)
e Easy to show that
K (0, 07)(0) = Kun(07, 0)m(61)

since
5(07 — 0)r(0)m(0) = 6(6 — 67)r(8T)m(67)
(both sides # 0 only when 8 = 67)
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Introduction to MCMC methods Metropolis Hastings

Random Walk Metropolis-Hastings Algorithm

e In Random-Walk Metropolis: q(0*|0V~1) = q(0U=1|6*) e.g.
0" =0U=1 + N(0, V)

and the expression simplifies to

i— . 0*|y1.1)
Gl ) :mln{l, 7T(}
107 00 lyer)

T — n(0ly)
“ - Q(970T|y)
' 09 current

proposal

- - : F IR
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Introduction to MCMC methods Metropolis Hastings

Multiple Blocks Metropolis-Hastings Algorithm

e Partition 6 into two blocks {61,6>}, and devise proposal densities
q(07)61, 62) and q(03]61,62). Algorithm:

® Draw 6} from q(6;161,6,). Set 6Y) = 67 with probability

19U U=y _ o) g (05,69~ /q(0516Y ", 65~ V)
o(01167 7,03 ) =minq 1, G-1 ,G-1) G-Dipx glU-1)
w07 .05 )/q(07 107,05 )

and ng) = ng_l) otherwise.
@® Draw 03 from q(03]61,62). Set Hg) = 05 with probability

(03109, 09°1) — min 1. 7O 05)/a(05161".02 )
' (69,6579 /q(09 169, 03)

and Ogj) = 9?71) otherwise.
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Introduction to MCMC methods Gibbs Sampler

Gibbs Sampler

e Requirements: Suppose the parameter vector 6 can be partitioned
into @ = [07,...,0.]". For each i it is possible to generate draws of
6; from the conditional distribution 7(6;|0_;, Y') where 6_; denotes
the vector 6 without the partition ;.

e Forj=1,...,J:
® Draw 09) from the density 7r(01|92(:’-71), e ,Qf,f), Y).
® Draw 00 from the density 7r(t92|n9(" 90 N euh, Y).

e -
® Draw 9,({;) from the density 7r(c9m|9£j), .5,0..,Y). 0
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Introduction to MCMC methods Gibbs Sampler

o Why does it work? Think of Gibbs Sampler as a Multiple Move MH
with proposals (in the 2 blocks case) g(0761,62) = 7(61]62) and
q(0§ |91, 92) = 7T(92|(91).

o Note that ) )

n(07.65°) _ w(6108")

w(097D,6971y  w(V VeI )

and hence
611000 D) — min {1, 705,08 ) q01167 2,05 )
OZ( 1| 1 » V2 ) = min ’ (-1) 5(-1) G—D1pe aG-1)
(07 7,05 )/ q(0y 167,05 )

_ (0716971 /m (05105 )
=minq L — D G—1),0-1)
7T(91 |92 )/7"(91 “92 )

=1

e You always accept! Same for the other block.
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Introduction to MCMC methods Gibbs Sampler

Another Take on the Gibbs Sampler

e What's the idea? Suppose you want to draw from
7'1'(917 92)
and you don’t know how ...

e But you know how to draw from

7T(01|92) X 77(91,92) and ’/T(92|01) X 7T(91,02)

e Gibbs sampler: you obtain draws from m(61,6>) by drawing
repeatedly from m(01|60,) and m(6;|61)
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Introduction to MCMC methods Gibbs Sampler

Why does it work?

e Some theory of Markov chains.

e Say you want to draw from the marginal 7(6;) (note, by Bayes’ law
if you have draws from the marginal you also have draws from the
joint 7('(01, 92))

e If you find a Markov transition kernel K(0;,0}) that solves the
fixed point integral equation:

w(6) = [ K(ex.8})m(6r)dty
(and that is w*-irreducible and aperiodic) ...

e Then if you generate draws 99), j=1,...,J starting from 050),

|K(A,9§O))'" — m(A)| — 0 for any set A and any 6;
and

%Z h(6Y)) — /h(@l)w(ﬁl)d91
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Introduction to MCMC methods Gibbs Sampler

Why does it work?

e But wait... the Gibbs sample does provide a Markov transition kernel

K(6:,67) = /w(eﬂez)w(ezwl)deg

e ... that solves the fixed point integral equation:
(0] = / K (01, 01)7(01)d6s
= / (/W(GI|€2)W(92|91)d92> (601)d6;
- / (6110 ( / 7r(92|91)7r(91)d91) db,
= / m(61162)7(62)d0> = 7(67)
(and sufficient conditions for 7*-irreducibility and aperiodicity are

usually met, see Chib and Greenberg 1996).
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Introduction to MCMC methods SMC

SMC (Sequential Monte Carlo)

e “Standard” MCMC can be inaccurate, especially in medium and
large-scale DSGE models
e Modify MCMC algorithms to overcome weaknesses: blocking of
parameters; tailoring of (mixture) proposal densities

e Sequential Monte Carlo (SMC): (more precisely, sequential
importance sampling):
e Better suited to handle irregular and multimodal posteriors
associated with large DSGE models.
o Algorithms can be easily parallelized.

e SMC = "“Importance Sampling on steroids”
o Theoretical work: Chopin (2004); Del Moral, Doucet, Jasra
(2006)

o Applied work: Creal (2007); Durham and Geweke (2011, 2012)

e For DSGE applications: Ed Herbst and Frank Schorfheide.
Bayesian Estimation of DSGE Models. Princeton University
Press. 2015.

Marco Del Negro DSGE and State Space Models Central Bank of Argentina 73 /172



Introduction to MCMC methods SMC

From Importance Sampling to Sequential Importance
Sampling

e In general, it's hard to construct a good proposal density g(6),

e especially if the posterior has several peaks and valleys.

e Idea - Part 1: it might be easier to find a proposal density for

[p(Y10)1”p(0)  _ ka(0)

™0 = Tia(vVioNep(6)ds ~ 2z,

at least if ¢, is close to zero.

e |dea - Part 2: We can try to turn a proposal density for 7, into a
proposal density for 7,1 and iterate, letting ¢, — ¢n = 1.
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Introduction to MCMC methods SMC

[llustration:

Our state-space model:
62 0 1
Vi = [1 l]St, Sy = (1 _ 9%)1_ 9102 (1 B 9%) :| St—1+ |: 0 :| €t.

e Innovation: €; ~ iidN(0,1).

Prior: uniform on the square 0 < 6; <1land 0< 6, <1.

Simulate T = 200 observations given 6 = [0.45,0.45]’, which is
observationally equivalent to 6 = [0.89,0.22]
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Introduction to MCMC methods SMC

[llustration: Tempered Posteriors of 6,

YO k) ()
O = Totvieeeyde ~ 2, <N¢,)
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Introduction to MCMC methods SMC

[llustration: Posterior Draws

02
1.0

0.8

0.6

.6,
1.0
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Introduction to MCMC methods SMC

SMC Algorithm: A Graphical lllustration

10| » : :
H : s :
H . 3 s .
5% : . . . .
: : M 2 ! .
o § ¢ ¥ 3 ! = |
3 L 3
H H s H ] e 1
5| o . H 4 . N
Pt o
—10]| o . .
N
c S M c S M c S M
%o 1 ¢2 ¢3

o m,(0) is represented by a swarm of particles {#/, W,{}le
T [ [ a.s.
o = 5> WAR(B]) 25 B [0(0,)]

e C is Correction; S is Selection; and M is Mutation.
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Introduction to MCMC methods SMC

SMC Algorithm

@ Initialization. (¢ = 0). Draw the initial particles from the prior:
i % p(0) and Wi =1, j=1,...,J.
® Recursion. For n=1,..., Ny,

@ Correction. Reweight the particles from stage n — 1 by
defining the incremental weights

= [p(Y16}, )]
and the normalized weights
AL

ﬁ7 j:17...7J~
3 X W Wy s

i —
An approximation of E [h(#)] is given by

J
Z Vih(¢

k\l—‘

nJ—

® Selection.
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Introduction to MCMC methods SMC

SMC Algorithm

@ Initialization.
@® Recursion. For n=1,..., Ny,

® Correction.

@® Selection. (Optional Resampling) Let {9}14:1 denote J iid
draws from a multinomial distribution characterized by support
points and weights {¢,_, W,{}le and set W/ =1.

An approximation of E,, [h(6)] is given by

® Mutation. Propagate the particles {é,-,' W/} via N steps of a
MH algorithm with transition density &, ~ K,(6,]¢%,; ¢,) and
stationary distribution 7,(6). An approximation of E, [h(0)] is

given by
J
30

nJ—

k \
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Introduction to MCMC methods SMC

Remarks

e Correction Step:

o reweight particles from iteration n — 1 to create importance
sampling approximation of E, [h(6)]

o Selection Step: the resampling of the particles
e (good) equalizes the particle weights and thereby increases
accuracy of subsequent importance sampling approximations;
e (not good) adds a bit of noise to the MC approximation.

e Mutation Step:
e adapts particles to posterior 7,(6);
e imagine we don't do it: then we would be using draws from
prior p(6) to approximate posterior 7(6), which can't be good!
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Applications of state space models TV-VARs

TV-VARs

e VARs with time-varying parameters (Cogley and Sargent, “Evolving
Post-World War Il U.S. Inflation Dynamics,” NBER MacroAnnual
2001)

e The model:
Ye=Ce+Preye1+ + PV pt U, U ~N(0,X), t=1,...,T

where y; and u; are n x 1 vectors of observables and innovations, c;
is an n x 1 vector of time-varying intercepts,
Sy, Ppe, t=1,..., T, and X are n X n matrices.
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Applications of state space models TV-VARs

e We can rewrite the VAR as:
Ye = ¢;:Xt + Uz

or equivalently as:
Ye = Xipe + ue

where x; = [L,y}_1,...,y{ s X =, ®x{,
d)/t = [Ct7 ¢1,t7 ceey ¢p7t], and Pt = VeC(Cbt).

e Note ®)x; = vec(x;®:/,) = (I, @ x})vec(P;).
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Applications of state space models TV-VARs

e Assume RW law of motion:
Pt = Pe—1 +Vt) Vt NN(Oa Q)
with Q being an appropriately-sized positive definite matrix, and

$o ~ N’(?? §¢)

where in Cogley and Sargent ¢, S, are the maximum likelihood
mean and variance from pre-sample estimation of a fixed
-parameters VAR (alternatively one can use Minnesota prior)

e Belmonte et al. (2011) use the parameterization

Yt = ® + 7@0:07

Pt
_ ~— ~—~
fixed component TV component
(note that under RW ¢y is not identified; if you assume a stationary
law of motion you can identify it), where ¢ has a Minnesota prior
and

Gr = Pr—1+ v, v ~N(0,Q)
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Applications of state space models TV-VARs

e Assume independent inverted-Wishart distributions (ZW(.,.)) with
parameters (X, v5), (Q,vq), respectively:

p(X) &ir(nwzﬂ)ﬂ exp 1 tr(Z71E)
25 /21 (vy [2) 2 ’

_ |Q‘DQ/2 (n+vg+1)/2 1 —1A

p(Q) = 2"”0/2[_(VQ/2)|Q‘ exp (=5 tr(Q™°Q)
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Applications of state space models TV-VARs

TV-VARs: Gibbs Sampler

Fors=1,...,nsim:

(1) ¢£5)|Q(5_1),Z(5_1),y1;7: Use the simulation smoother (e.g., in
Durbin Koopman 2002), where:

Yt = X;(Pt + Uy, U~ N(O» Z)
is a system of measurement equations and
Ot = Qr—1+ Vg, Vg~ N(Oa Q)

is the system of transition equations.

) Q(5)|<p(ts), (=1 y1.7: The product of the law of motion of ¢; and
the prior yields:

Q|- ~IW(Q + TS, vg + T).

T _ _ !/
where §, — 2 e (e <pt_T1)(<pt pe-1)”
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Applications of state space models TV-VARs

© o) Q). yy.7: The product of the likelihood and the prior
yields: _ .
YO~ IWE + TS, s + 7).

S e — Xloe) (e — Xlpe)

here § =
where T
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Applications of state space models Stochastic Volatility

Stochastic Volatility

o Model (the univariate case):
Yt = Ot€¢, Er N(07 1)

where
Ot — et

and
Ge=p+pFe1+ G, G~ N(0,0°), iid. t,

with p < 1. Call § = {p, p,w?}.
e If p =1 (Primiceri 2005)

&t = 5'1_»,1 + gh Ct ~ N(O,WQ), iid. t7

with &9 becoming an additional parameter.
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Applications of state space models Stochastic Volatility

Kim, Shephard, Chib (1998)

e Jacquier, Polson, Rossi (1994) provide an alternative approach, but
“single move”’ (one &; at the time) — slow

e Taking squares and then logs of y; = o,&, we obtain:
e;k = 25'15 + 5;

where e = log(y? + ¢), ¢ = .001 being an offset constant, and
et = log(e}).

o If £ were normally distributed, &1.7 could be drawn using standard
methods for state-space systems. In fact, ¢} is distributed as a

log(x3)-

Marco Del Negro DSGE and State Space Models Central Bank of Argentina 89 /172


https://www.jstor.org/stable/2566931
http://amstat.tandfonline.com/doi/abs/10.1198/073500102753410408

Applications of state space models Stochastic Volatility

e KSC address this problem by approximating the log(x?) with a
mixture of normals, that is, expressing the distribution of ¢} as:

K
p(er) = Zwi]\/(mz —1.2704, v} ?)
k=1

The parameters that optimize this approximation, namely
{75, mi, Vi }K_, and K, are given in KSC for K =7 (or K =10 in
Omori, Chib, Shepard, Nakajima JoE 2007). Note that these
parameters are independent of the specific application.

e The mixture of normals can be equivalently expressed as:

eflse = k ~ N(m} —1.2704,v; 2), Pr(s; = k) = 7}.

o Effectively we are replacing the true likelihood p(yi.7|0,51.7) with
the mixture-of-normal approximation

/.5(}/1:T|51:T,9,<1:T)7T(§1:T)d<1;T
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Applications of state space models Stochastic Volatility

SV: Gibbs sampler

(s—1)

(1) §1 T|a , - y1.7: Use

~ * * o — 1 * *
Pr{c; = k|é1.7,ef.7} o< miv texp —W(Et — mj +1.2704)?
k

where ¢} = e — 26,.

(2] §21'|§£S')['79(571)7y1:T USing

e =26 + m(st) — 1.2704 + 1;, 1 ~ N(0,v5(s:)?)
as measurement equations and
Ot = 1 + pa’—tfl + Cta Ct ~ N(va2)7

as transition equation.
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Applications of state space models Stochastic Volatility

© 0|5 ) .71 This is a standard regression problem:

Gt = p+poe_1+Ct, G NN(vaz)-

o Note that steps 2 and 3 can be integrated in a single block by
drawing

p(61.710, 1.7, yi.7)P(Ols1:T, y1:7)

where

e &1.7 are integrated out using the Kalman filter — 6 is drawn
from p(f|s1.7, y1.7) using MH.

e p(61.7|0,1.7, y1.7) are drawn using the simulation smoother
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Applications of state space models An Example of a Wrong Gibbs Sampler

An Example of a Wrong Gibbs Sampler

e This is an example from Del Negro, Primiceri (2013) “Time Varying
Structural Vector Autoregressions and Monetary Policy: A
Corrigendum”, which corrects a mistake in Primiceri (2005)

e Take the model of Kim, Shepard, Chib (1998), except for the
constant 6:
Yt = 9+Jt5t7 Et NN(O,].)

where y; is univariate and
Ot — eUf

and
51“ = 5'1-,1 + Cta Qt ~ N(Oawz)v iid. t

e Assume you know w? and the initial condition &g for simplicity.
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Applications of state space models An Example of a Wrong Gibbs Sampler

Primiceri’'s Gibbs Sampler

e This is a three-block Sampler in 1.7, ¢1.7, 0
® Draw 5.7 from
ﬁ (&1:T|y1:Ta 0, gl:T) X ﬁ(y1:T|5'1:T7 97 gl:T) : p(&l:T)' Spedﬁca”yv use

ef =25, + mj(s;) — 1.2704 + n¢, n: ~ N(0,v;(s:)?),

where €] = log ((yt —0)° + C), ¢ = .001 being an offset constant,

and €7 = log(¢?), as measurement equations and
s 2
Gt =Ge—1+ ey Ce~N(0,w7),
as transition equation

e Use simulation smoothers (Carter and Kohn 1994, Durbin and
Koopman 2001)
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Applications of state space models An Example of a Wrong Gibbs Sampler
~ ~ ~ T
® Draw ci.7 from j(su.7|y1.7,61.7,0) < Blyr.7|X ", 0, c1.7) - m(se7).
Specifically, use

1
——(ef — mj +1.2704)?| .

Pr{s; = k|61.7, €] 7} x ’/TZI/k_l exp ~3
Vi

where €f = e — 25;.

©® Draw 6 from p(e‘yl;T75'1;T) X p(y1:T|5'1:T79) : p(9) Standard GLS
regression:
Yt = 9+Ut€t7 Et NN(O,].)
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Applications of state space models An Example of a Wrong Gibbs Sampler

Two Problems with Primiceri's Gibbs Sampler

@ Steps (1) and (2) use the approximate likelihood §(.), step (3) uses
the true likelihood p(.)

e KSC do not have step (3) — they only use 5(.) — they can
address the approximation issue by re-weighting all draws by the
ratio of true vs approximate likelihood at the end of the sampler
(re-weigthing usually makes little difference)

e Step (3) prevents us from using this fix

® This is not a correct three-block sampler!

©® Draw G117 from p(G1.7|y1:7,0,51:7)
(2] Draw S1:T from ﬁ(§11T|yl:T7 &I:Ta 0)

® Draw 0 from p (0|y1.7,61.7,777)
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Applications of state space models An Example of a Wrong Gibbs Sampler

e Using p(0|y1.7,51.7,51.7) in step (3) is not a (convenient) solution
in macro models: Conditional on ¢;.7, £} = log(£?) is Gaussian, but
this means that ¢; is no longer Gaussian in y; = 0 + o;¢;
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Applications of state space models An Example of a Wrong Gibbs Sampler

A Solution to Problem # 2

e Assume for now that the mixture-of-normal distribution is correct:

P()/1:T|9, &I:T) - /ﬁ(yl:T‘&l:T7 97 gl:T)Tr(gl:T)dglzT (1)
e Say you know how to obtain draws {#¥), 7 U) sT U)}J'-';l from the
joint

ﬁ(&l:Ta 9, gl:T|y1:T) = ,5(}/1:T|ZT, 9, gl:T) . P(51:T7 9) . 7T(gl:T)

e Then the draws {9(j), x’ U)}J'-’;l obtained this way are what we want
since (1) implies

/ﬁ(&l:T797§1:T|)/1:T)d§1:T =p(yn.7|Z7,0) - p(51.7,0)
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Applications of state space models An Example of a Wrong Gibbs Sampler

A Solution to Problem # 2

e We can draw from the joint p(&1.7, 6, <1.7|y1.7) using the following
sampler

® Draw &1.7 from
B(Z7|yr.7,0,51.7)
@® Draw (0,¢1.7) from
by
(i) Drawing 6 from the marginal
p(Olyr.T,61.7) < p(y1:7|61.7,0) - p(0]51.7).
(ii) Drawing ¢;.7 from the conditional
B(sutlyrt, 617,0) o BlynT|E7, 0, c1.7) - m(<u.T).

p(y1:7161:7,0,51:7) - p(61:710)

o
B (0, s1:7|y1.7, 51.7), which is accomplished

e In step (2.i) we are entitled to use p(.) (and not 5(.)) because we
have integrated out the ¢;.7 and

P(Y1:T|9, &I:T) = /ﬁ(y1:T|5'1:T7 97 gl:T)ﬂ'(gl:T)dgl:T
e These are exactly the same steps as in Primiceri, but we need to

draw ¢;.1 right before 5;.7!
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Applications of state space models An Example of a Wrong Gibbs Sampler

A Solution to Problem # 1 (Approximation)
e As long as the number of components in the mixture is large enough
(107) this is not a big deal.
e Stroud, Miiller and Polson (2003) show how to fix it
e Construct a joint posterior of 1.7, 6 and ¢;.7 as follows:
p(8,61.7,s1:7|y1:1) = p(0,61.7|y1.7) - B(s1.7|61:7,0, y1.7)

o p(yr:710,61.7) - P(G1.7,0) -p(S1:7|61:.7, 0, y1.7),  (2)

original posterior
with
~ BbaTIET, 0, 0T) - (siT)

p(s7|G1T,0,y1.7) = cGr1.0,y1.7) ’ (3)

where ¢(61.7,0,y1.7) = /ﬁ(h:T\ZT,9,<1:T)7T(§1:T)d<1:T

guarantees that the density in (3) integrates to one.
e Obviously drawing from (2) yields the correct draws
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Applications of state space models An Example of a Wrong Gibbs Sampler

The Correct Algorithm

® Draw &1.7 from p(G1.7|y1:7,0,1.7) as follows: Draw a candidate
5I:T from the proposal density § (&1.7|y1.7,0,1.7) of Algorithm 2,
and set

s0) — UITI with probability «
LT =) 5UY with probability 1 — a

where the superscript (j) denotes the iteration of the sampler, and
where

. o (-1
p (UI:T|y1:Ta9;§1:T) p (U;(l{T )|}’1:T797§1:T)

o= - .
p (5§{;1)|Y1:T,9><1:T) 2 <6I:T|)/1:T>9>§1:T)

e The acceptance probability can be rewritten as

_ p(yer‘ev&I:T) C(‘71T 0, y1:7)
p(yliTwaz(J_l) T) C(ULT,@,)/LT)

where where ¢(61.7,0, y1.7) = /5()/1:T|ZT;9;§1:T)7T(§1:T)d§1:T is

precisely the mixture-of-normal approximation!
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Applications of state space models An Example of a Wrong Gibbs Sampler

The Correct Algorithm

® Draw (0,<1.7) from p (6, <1.7|y1.7, ZT), which is accomplished by
(i) Drawing 6 from

p(OlyrT,61.1) = /p(97§1:T|y1:T75'1:T)d§1:T

X P(}/1:T|9, &1:T) : P(9‘51T) . /13(§1:T|51:T797}/1:T

= ply7|6uT,0) p(0]51.7).

(i) Drawing 1.7 from
B sty 61.7,0) o< pyr.7|E7,0,61.7) - w(s1.7).
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Applications of state space models An Example of a Wrong Gibbs Sampler

Affected Applications

e Primiceri (2005)'s TV-VAR with SV:
Ye=¢ + Bl,t)/t—l + ...+ Bk,t}’t—k + At_lztEt

where all the TV coefficients evolve as random walks, and all the
innovations in the model are jointly normally distributed with
covariance matrix equal to V. Define ¢ = [BT, A", V]

e Stock and Watson (2007)’s unobserved component model with SV:

Yt = Ct + 0c tEt

where
Ct = Ct—1+ Te 6t

Define 6 = [CT]
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Applications of state space models An Example of a Wrong Gibbs Sampler

e Del Negro and Otrok (2008)'s factor model with SV:
it =ait+ Aitfe+&e t=1,...,T.
where
fo = Poifi1+ ...+ Pogfi g+t o~ iidN(0, To ),
and
Eie = Giabie1+ o+ Gipiip + Uit Ui~ iidN(0,07,).
Define 6 = [AT,AT, 7, 0]

e DSGEs with SV (Justiniano, Primiceri (2008) and Cirdia, Del
Negro, Greenwald (2014) )
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Applications of state space models Factor Models

Dynamic Factor Models

A DFM decomposes the dynamics of n observables y;,, i =1,...,n,
into the sum of two unobservable components:

Vie=ai+ANfi+&y, t=1,...,T.

e Here f; is a Kk X 1 vector of factors that are common to all
observables and &; ; is an idiosyncratic process, that is specific to
each J.

e The factors follow a vector autoregressive processes of order g:
fr =®o1fi1 4+ ...+ Pogfe—gq+ Uoe, g ~ ildN(0, Xo),
e The idiosyncratic components follow autoregressive processes of
order p;:

Cio=Ginkie1+ o+ Gipliv—p + Ui, Uie~ iidN(0,0?).
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Applications of state space models Factor Models

Identification

e Without further restrictions the latent factors and the coefficient
matrices of the DFM are not identifiable.

e One can premultiply f; as well as ug ; by a & x & invertible matrix H
and post-multiply the vectors \; and the matrices ®q ; by H™1,

without changing the distribution of the observables.

e We provide three examples of achieving identification.
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Applications of state space models Factor Models

Example 1 — Geweke and Zhou (1996)

e Restrict Ay ,; to be lower triangular:

X 0---0 O
Mp=Ny,=| . :
X X---X X
e Factors and hence matrices ®¢ ; and ¥ could still be transformed by
an arbitrary invertible lower triangular x x s matrix H;, without
changing the distribution of the observables.
e Under this transformation the factor innovations become H;, ug ;.
e Choose H; = ZO_}, such that the factor innovations reduce to a
vector of independent standard Normals.
e To implement this normalization, we simply let
Yo =l
e Sign normalization can be achieved with a set of restrictions of the

form:
/\,'_’,'ZO, I':].,...,KZ.
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Applications of state space models Factor Models

Example 2

o Ay is restricted to be lower triangular with ones on the diagonal
and Y is a diagonal matrix with non-negative elements.

e The one-entries on the diagonal of A; ,; also take care of the sign
normalization.

e Since under the normalization A\;; =1, /i =1,...,k, factor f; ; is
forced to have a unit impact on y; ;
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Applications of state space models Factor Models

Example 3

o Ay is restricted to be the identity matrix and X is an unrestricted
covariance matrix.

e The one-entries on the diagonal of A; ,, take care of the sign
normalization.

Marco Del Negro DSGE and State Space Models Central Bank of Argentina 109 / 172



Applications of state space models Factor Models

Joint Distribution — Assume pj=p, g < p+1
Quasi-differenced Measurement Equation:
Yie = ai+Afe+oi1(Vie—1—ai — Aife—1) +
+¢i,,0(yi,t—p —aj — Aift—p) + Uit, for t= p+15 ) T.

Joint distribution:

P()/1:T7 fb:Ta {0[}7:1, 90)

T n
= [H (Hp(yi,t|yi,tp:t1>ﬂp:t79i)> P(ftftq;tl,eo)]

t=p+1 \i=1
X (HP(YI,l:p|fb:pa9i)> fbp‘eo <Hp(9 >p(90
i=1

where 0y determines the law of motion of the factors and 6; summarizes
unit-specific coefficients.
Priors are conjugate.
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Applications of state space models Factor Models

Gibbs Sampler: 6,

The posterior density takes the form:

.
p(8ilfo.-1,60, y1.T) o< p(6;) ( H p(yi,tb/i,t—p:t—laft—p:tyei)>

t=p+1
p(yi,l:p|f0:pa0i)~

e Use Chib and Greenberg (1994)'s procedure to generate draws from
a regression with AR(p) errors (see Otrok and Whiteman, 1998 and
these notes -caveat emptor!- of mine)

o If prior for A;;, i =1,...,k includes Z{\; ; > 0}, one can use an
acceptance sampler that discards all draws of §; for which A;; < 0.

o If the prior is symmetric around zero, then one can resolve the sign
indeterminacy by post-processing the output of the (unrestricted)
Gibbs sampler: for each set of draws ({6;}"_,, 6o, fo.7) such that
Aii <0, flip the sign of the i'th factor and the sign of the loadings
of all n observables on the ith factor.
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Applications of state space models Factor Models

Gibbs Sampler: 6

The posterior density takes the form:

;
p(bolfo.- T, {0i} -1, y1:7) (H P(ft|Ftp,t1,90)>

t=p+1
p(00)p(fo:p|00)
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Applications of state space models Factor Models

Gibbs Sampler: fy. 7|

e Write DFM in state-space form...

e Measurement equation (stack measurement egs for all is):
p ~ . ~ ~
(Iﬂizq)jLJ)yt:(Iniz¢j)a+/\*ft+uta t:p+17"'7T7
j=1 j=1

where ye = [y1t, .., Ynel's 3 = [a1, ., a0’ and ue = [ure, .., upe]’,
CPJ-S are diagonal matrices with [¢1 j, .., ¢n ]’ on the diagonal,
fe=1[f,..,f_,]', and

At Mg o —Adip
A= S
>\n _)\n(bn,l o _)\n(ybn,p

e Note: wu; is iid!
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Applications of state space models Factor Models

e Factor law of motion in companion form (transition equation):

fo = Gofe1 + do.t,

where
D01 Doz o Pop Okxk(pri—q)
. I 0 0 0
by =
: : 0 0
0 0 / 0

e Since the measurement equation starts from t = p + 1 as opposed
to t = 1, one needs to initialize the filtering step in the Carter-Kohn
algorithm with the conditional distribution of p(fy.p|y1.p, {0i}i=1,60)-
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Applications of state space models Factor Models

Factor Model: Gibbs Sampler

Fors=1,...,nsim:

© Draw 6%°) conditional on (fO(ST Y6 y1.7). This can be done
independently for each i =1,... n.

® Draw 9((35) conditional on (fy (= 1) {9(5)}, LYLT).
© Draw fb(:sT), conditional on ({955)},'-’:1,9((35)7)/17)-

e Here are the codes for the Del Negro Otrok paper (“99 Luftballons:
Monetary policy and the house price boom across US states”, JME
2007)
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https://www.dropbox.com/sh/v4sq8s1ntcs7c4i/AABOGfhi-ju-2L8R0pkNteHra?dl=0
http://www.sciencedirect.com/science/article/pii/S0304393206002315
http://www.sciencedirect.com/science/article/pii/S0304393206002315

Applications of state space models Factor Models

Factor Augmented VARs

e FAVARs allow for additional observables y; ¢, e.g., the Fed Funds
rate, to enter the measurement equation, which becomes:

yi,t:ai+’yiy0,t+)\iﬂ'+£i,tv ":17”'7”3 t:]-a"'vTa

where yo; and «; are m x 1 and 1 X m vectors, respectively.

e The observable vector yg ; and the unobservable factor f; are
assumed to jointly follow a vector autoregressive processes of order

q:
fi fi1 fr
= +...+0 T +u

{ Yot } 0.1 { Yo,t—1 %9 | yo i q 0.t

ug,+ ~ iidN(0, Xo) which is the reason for the term factor augmented
VAR.

e |dentification:

uo,t = X0,r0€0,¢-

Marco Del Negro DSGE and State Space Models Central Bank of Argentina 116 / 172



DSGEs

Linear DSGEs

A simple DSGE model
Parameters estimation
Impulse responses and variance decomposition

Inference on latent variables: Shock decomposition
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DSGEs A Simple DSGE Model

A Prototypical DSGE Model: Household

Preferences:

E.

pors 1+1/v

iﬂ”s <In Cips — (Ht+s/Bt+s)1+1/">1

Budget constraint:

Ct + /t S Wth + Rth.

Capital accumulation:

Kt+1 = (1 - 5)Kt + lt;

First-order conditions:

G B: \ B:

1 1 1 1 [H\Y"
— =PE (Rey1+(1=96))| and Wt:(t> .

o Ciq1
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DSGEs A Simple DSGE Model

Firms

e Technology:
Y: = (AcHy) K.

e First-order conditions from profit maximization:

Y, Y,
Wt:aﬁz7 Rt:(l—a)?j
o Market clearing:
Yt = Ct + It.
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DSGEs A Simple DSGE Model

Exogenous Processes

e lLog Technology:
InAr=InAg+ (Iny)t+InA, InAr=p.InA_y +0aeas

where €, ~ iidN(0,1).

e Preference shifter:
In By = (1 — Pb) In B, + Pb InBi_1 + OpEb,t

where €, ¢ ~ iidN(0, 1).

e [nitialzation:

In /Z,T =0 and InB_,=0.
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DSGEs A Simple DSGE Model

Model Solution

e The solution to the rational expectations difference equations
determines law of motion for Y:, C;, Ir, K:, He, Wy, and R;.

e The technology process In A; induces a common trend in output,
consumption, investment, capital, and wages.

e |t is useful to detrended the model variables as follows:

?_Yt C~._Ct /~_/t % ~ Kiqa W_Wt

t — Ao t — Ao t — Ao t+1 — t — .
Ac T AT A AT A
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DSGEs A Simple DSGE Model

Equilibrium Conditions, Rewritten

1 1 1~ 1 [(H\Y
- = E ?e_at*'l R =+ 1-— (S s fW = — (>

c B » (Ret1 + ( ))] """ B \B

N Y Y%

W, = a5, Ri=(1-a)=e

~ ~ 11—« ~ ~ ~ ~ ~ ~
Y = Hta (Kte_at) ’ Y: = Ct + It, Kt+1 = (1 - (S)Kte_ar + ;.

e The process a; is defined as

A
a;=In—— = Iny + (pa —1)InAt 1+ 0a€ar
At_1

e This log ratio is always stationary, because if p, = 1 the In Zt_l
term drops out.
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DSGEs A Simple DSGE Model

Steady State, Etc.

o Steady state:

o If p, =1, the model generates cointegration relationships which are
obtained by taking pair-wise differences of In Y;, In G, Inly, In Kiyq,
and In W;

e Parameters are stacked in vector 6:

0= [04,6,’)/, 6a V, Pa, O'avpb70'b]/-
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DSGEs A Simple DSGE Model

Loglinearization

G = Ei|Gi1+ a1 — mRH—l
ﬁt = V/VVt*VaJr(l+V)§t, /‘/Vt:?t*'qtv
. o 1-6~ L~ 1-6_
Rt - th Kt+at, Kl’-‘rl = 7Kt+Tlt7 at7
0 K.

S ~ -~ o G~ L
Yt = Oth—F(l—Oz)Kt—(l—a)at, Y e~ l’ T

Y Y
At = paAi-1+ 0aap, a=A—A1, Bi= PbBt—l + Obép,t.

Log-linearization of f(x):
@ write f(x) = f(e%);
® conduct a first-order Taylor approximation around xp in terms of z:

f(e'"x) ~ f(x) + xof (xo)(lnx —Inxp).

What have we got? A state-space model!
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DSGEs A Simple DSGE Model

Model solution

e Need to solve for expectations!

e We can follow the method in Sims (2002) (Christopher A. Sims,
“Solving Linear Rational Expectations Models”. Computational
Economics, Vol. 20 (1-2), 1-20), implemented using the code
gensys (available in Matlab and R on Chris’ webpage).

e For any endogenous variable x; for which E;[x;+1] appears in the
equilibrium conditions (e.g., E;[#++1]) define the variable
xE = Ei[xc+1] (e.g., #E,; = Ei[fr+1]) and note that
Xt = Etfl[Xt] + Mx,t
- Xf—l + MNx,t

where rational expectations implies that:

Et[nx,r+1] =0
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http://www.springerlink.com/index/N27W69534RJ425Q7.pdf

DSGEs A Simple DSGE Model

e Write the system (equilibrium conditions, evolution exogenous
processes, expectational equations) as:

Fos: = MNise—1 + Ve, + MMn,
where:

@ s; is a vector including all endogenous, exogenous variables +
expectational terms (e.g. s; = {7, .., 75, .., z,..})

@® ¢, includes all innovations to exogenous processes (e.g.
ee ={ezt,6g,t:--})

@© 1) includes all expectational errors (e.g. n: = {Nr.t, ... }).
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DSGEs A Simple DSGE Model

Fo(8)se = M1(8)se_1 + V(0)ee + N(O)ne
3
gensys
3
st = T(0)se_1 + R(O)e:
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DSGEs A Simple DSGE Model

Measurement equation: Examples

e Observations on GDP and Hours:

InGDP: | | InYp In~y
[ In Hy ]‘{mm}*{ 0 }”

e Observations on GDP and Investment:

In GDPt o In ZO _ 4 |n'y o A\t"_ S;t
In I, [ InYo+(Inl —InYiy) In~y At + I
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DSGEs

A Simple DSGE Model

Bayesian Estimation — Prior

Name Domain Density Para (1) Para (2)
« [0,1) Beta 0.66 0.02
v R* Gamma 2.00 1.00
4in~y R Normal 0.00 0.10
Pa Rt Beta 0.95 0.02
s Rt InvGamma 0.01 4.00
Pb Rt Beta 0.80 0.10
op R InvGamma 0.01 4.00
In H, R Normal 0.00 10.0
InYy R Normal 0.00 100
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DSGEs Parameters Estimation

Estimation: Random-Walk Metropolis Algorithm for DSGE
Model

@ Construct the proposal density:

L.a Use a numerical optimization routine to maximize the log
posterior: In p(y1.7|6) + In p(#). Call 8 the posterior mode.

L.b Compute numerically the inverse of the (negative) Hessian
computed at the posterior mode @, call it X.

® Draw 0© from N(d, %) or directly specify a starting value.

® Forj=1,..., nsmn: draw 6™ from the proposal distribution
N(G(jfl), c2i). The jump from 8Y=1) is accepted (00) = 0") with
probability min {1, r(OUfl),9*|y1;T)} and rejected (HU) = 0("’1))
otherwise, where

p(y1:7|0")p(07)
(y2.7100~1)p(0U~-D)

nburn

f(90_1)79*|)/1;T) = »

O Burn-in period: throw away draws 9(j), forj=1,.., , where

nburn/nsim ~ 10%
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DSGEs Parameters Estimation

e Matlab estimation code for the FRBNY DSGE model

Marco Del Negro DSGE and State Space Models Central Bank of Argentina 131 / 172


https://github.com/FRBNY-DSGE/DSGE-2015-Apr

DSGEs Parameters Estimation

Posterior (simple RBC example)

Det. Trend Stoch. Trend

Name Mean  90% Intv. Mean  90% Intv.
a 0.65 [0.62 0.68] 0.65 [0.63 0.69]
v 0.42 [0.16, 0.67] 0.70 [0.22, 1.23]
4iny 003 [002, .004] .004 [.002, .005]
pa 0.97 [0.95 0.98] 1.00

o 011  [010,.012] .011  [.010, .012]
b 0.98 [0.96,0.99] 0098 [0.96, 0.99]
b 008 [007,.008] .007  [.006, .008]

InH, -0.04 [008 001 -003 [-0.07,0.02]
InYo 877 [8.61,893 839 [7.93,8.86]
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DSGEs Impulse responses and variance decomposition

Impulse response functions

9 (y: — D(9))
Oek

(6)

e Want to compute

e Simply simulate the model!

@ Set s’f = ok, ekt = Ofor t > 2 and ¢, = 0,all t — Now we
have constructed a sequence of g4, t=1,.., T

® Use
se=T(0)si—1+ R(0)er, t=1,..,T
to get the states, and
ve—D(0) = Z(0)st +up, t=1,.., T
to get the y;.

e Repeat for all draws OU) | j = pbum 1
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DSGEs Impulse responses and variance decomposition

Variance Decomposition

e Want to compute the fraction of the variance of y; explained by
shock e ¢
e Overall (unconditional) variance of y;:

Var(y:) = Z(0)PoZ(0)" + H(0)
where Pg|q solves

Pojo = T(0)Pojo T(0)" + R(6)Q(O)R(6)’

e Variance of y; attributed to shock k:

® Construct Qk where all diagonal elements are set to 0 except

for the k', which is equal to o 2.

® Compute the solution P(’)‘lo to
Pojo = T(0)Pgo T(0) + R(O)Q“R(0)'
and compute
Var(y:)* = Z(0)PgoZ(0)
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DSGEs Impulse responses and variance decomposition
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DSGEs Inference on Latent Variables

Inference on latent states

e What is the time series of the output gap, or r*? See Liberty St post
on “"Why Are Interest Rates So Low?" or see this presentation.

e Call f(sp.7) any function mapping the vector of latent states into
the object of interest, e.g. ri:y = {Z,ss1, .., ZrsT}, where Z,r selects
the state corresponding to the real interest rate in the flexible

price/wages economy. Then simply use the simulation smoother to
obtain

P(f(So:T)|}/1:T):/f(So:T)P(So:T\Q,)/1;T)P(9|Y1;T)d(9,So:T)
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http://libertystreeteconomics.newyorkfed.org/2015/05/why-are-interest-rates-so-low.html
https://www.newyorkfed.org/medialibrary/media/research/economists/delnegro/delnegro_frbnydsge_pboc.pdf

DSGEs Inference on Latent Variables

Shock decompositions

e What would history y; have been, had only shock i hit the economy,
and no other shock? See Liberty St post on “Developing a
Narrative: The Great Recession and Its Aftermath”

@ Use the simulation smoother to compute draws

Egi:T Jj=n""+1,.. 0" from p(c¢|y1.7,0), and séj) from
p(soly1:7,0).
® Take the sequence of shock innovations for shock i/, 55{) and

1.7
generate a new sequence of innovations £1.7 (&; is of the same

dimension as ¢;) by setting the i'th element &; ; = Efjg for
t=1,...,T ’

(and & ~ N(0,02) for t = T +1,..., T + H, if interested in shock
decomposition for forecasts).

All other elements of &;, t =1,..., T 4+ H, are set equal to zero.

e |If you are only interested in the mean shock decomposition you can
use smoothed shocks ¢; ;1 for each draw of 6.
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http://libertystreeteconomics.newyorkfed.org/2014/09/developing-a-narrative-the-great-recession-and-its-aftermath.html
http://libertystreeteconomics.newyorkfed.org/2014/09/developing-a-narrative-the-great-recession-and-its-aftermath.html

DSGEs Inference on Latent Variables

©® Generate a counterfactual set of states 5;.1+ from
§l’ = T(a)gt_]_ + R(Q)é}, t= ].7 ey T + H
and a counterfactual history y1.7 from
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DSGEs

Inference on Latent Variables
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DSGEs DSGE Model-Based Forecasting

Forecasting with DSGEs

e How do we generate forecasts y11.7+y from a state-space model?
Same as any other state space model ...

p(}’T+1:T+H|)’1:T) =

/ P(yT41:7+H|ST, 0, y1.7) P(5T|0, y1.7) P(Oly1.T) d(sT,6)
(57'79) %,—/ H,—/

posterior of s7|0 posterior of 6

where

p(YT+1:T+H|ST, 0, %1.7) :/ P(YT+1:T+H|ST+1:T+H)
STH+1:T+H

p(sT41:7+H|ST, 0, y1:7)dST41: T+ H

Marco Del Negro DSGE and State Space Models Central Bank of Argentina 141 / 172



DSGEs DSGE Model-Based Forecasting

In words...:

@ Use the Kalman filter to compute mean and variance of the
distribution p(sT|9(j),y1;T). Generate a draw s(Tj) from this
distribution, where 0Y) is a draw from the posterior of 6.

@® Draw from sy 1.7+1|(s7,0, y1.7) by generating a sequence of
innovations 6(7{)+1:T+H' and iterating the state transition equation

forward starting from s(TJ):

s9) = T(0V)sY | + ROV, t=T+1,..., T+H.

© Use the measurement equation to obtain y(TJlerJrH:
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DSGEs DSGE Model-Based Forecasting

Why bother with forecasting with DSGE models?

o DSGE models have been trashed, bashed, and abused during the
Great Recession and after. One of the many reasons for the bashing
was their alleged inability to forecast.

e But DSGE models forecasts’ accuracy is comparable to, if not better
than, that of Blue Chip forecasters (and Greenbook)

o See Edge & Giirkaynak, BPEA 2010, and Del Negro & Schorfheide

(2013 "DSGE Model-Based Forecasting, " Handbook of Economic
Forecasting Il, also here)
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https://www.questia.com/library/journal/1G1-253535528/how-useful-are-estimated-dsge-model-forecasts-for
http://www.sciencedirect.com/science/article/pii/B9780444536839000025
http://sites.sas.upenn.edu/schorf/files/del_negro_and_schorfheide_2013_hb_forecasting.pdf

DSGEs DSGE Model-Based Forecasting

Poverty of the econometrician’s information set

e Quality of forecasts is constrained by quality of model, and the
observables used by the econometrician. The “usual” set of
observables (mostly NIPA based) falls short in two dimensions:

@ Timeliness: NIPA data are available with a lag. Professional
forecasters have current information that the DSGE
econometrician is not using.

® Breadth: The "usual” set of observables may not convey
enough information about the state of the economy.

e Augment the set of observables: Use nowcasts from professional
forecasters, spreads, surveys ... — variables that may convey
information about the state of the economy not contained in
“usual” data set.
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DSGEs DSGE Model-Based Forecasting

Real time data sets

o Level the playing field: don't give the DSGE econometrician
information that private forecasters do not possess at the time of the
forecasts (Croushore and Stark 2001, Edge and Giirkaynak 2010)

Quarter Greenbook End of Estimation Initial Forecast

Date Sample T Period T +1
Q1 Jan 21 2003:Q3 (F) 2003:Q4
Mar 10 2003:Q4 (P) 2004:Q1
Q2 Apr 28 2003:Q4 (F) 2004:Q1
June 23 2004:Q1 (P) 2004:Q2
Q3 Aug 4 2004:Q2 (A) 2004:Q3
Sep 15 2004:Q2 (P) 2004:Q3
Q4 Nov 3 2004:Q3 (A) 2004:Q4
Dec 8 2004:Q3 (P) 2004:Q4
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DSGEs DSGE Model-Based Forecasting

Baseline DSGE Model: SW (2007)

e Measurement equation:

Output growth = LN((GDPC)/LNSINDEX) * 100
Consumption growth = LN((PCEC/GDPDEF)/LNSINDEX) % 100
Investment growth = LN((FP!/GDPDEF)/LNSINDEX) x 100
Real Wage growth = LN(PRS85006103/GDPDEF) % 100

Hours = LN((PRS85006023 x CE160V /100)/LNSINDEX)
*100

Inflation = LN(GDPDEF/GDPDEF(—1)) * 100

FFR = FEDERAL FUNDS RATE /4

Sample starts in 1964:Q1

e Same prior on 6 as SW.
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DSGEs DSGE Model-Based Forecasting

SW vs Greenbook (March 1992-Sept 2004)

Output Growth Inflation Interest Rates
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DSGEs

DSGE Model-Based Forecasting

SW vs Blue Chip (Jan 1992-Apr 2011)

Output Growth Inflation Interest Rates
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DSGEs DSGE Model-Based Forecasting

Incorporating 10-yrs inflation expectations from surveys

e SW forecasts inflation relatively well but ... somewhat tight prior on
7w~ Gamma(.62, .10).

o No need of such a prior: Use a loose prior (7" ~ Gamma(.75, .40))
and survey data as an observable:

40
1
040 _ DSGE
T = m.+ E; lmzﬂ'ﬂ-k]
k=1
e ... and change the model to be able to explain it:
Re = prRe—1+ (1= pg) (V1(me — 1) + valye — ¥i))
b3 ((ve = i) = (o1 — ) + 117
where T} = preT;_1 + Ons€rn ¢.

e Similar to Wright's “democratic prior” — but survey not used to form
a prior.
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DSGEs

DSGE Model-Based Forecasting

SW vs SW-Loose vs SWr
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DSGEs DSGE Model-Based Forecasting

Timeliness of information: Incorporating nowcasts

e Factor model literature (for DSGEs, Boivin and Giannoni (2007))
addresses the issue by using the current indicators observed by
professional forecasters (confidence indexes, ISM, durable goods
orders, ...) as data.

e As a shortcut, we use those data as digested by professional
forecasters — incorporate Blue Chip consensus nowcasts as (possibly
noisy) observations on GDP, inflation, ...
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DSGEs DSGE Model-Based Forecasting

Incorporating nowcasts

Output Growth Inflation Interest Rates
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DSGEs Modeling Forward Guidance

Modeling Forward Guidance: Anticipated Policy Shocks

e We modify this rule to allow for forward guidance following Laseen
& Svensson 2009:

3 3
Re = prRe1+(1=pR)(Ur D Femjbtly D (Do j=Pe-jo1+2e-1)

Jj=0 Jj=0

K
R R
+er + E Cht—k
k=1

where efﬁt_k is a policy shock that is known to agents at time t — k,
but affects the policy rule k periods later, that is, at time t.

e Anticipated policy shocks are a simple way of capturing anticipated
deviations from the standard reaction function

e Note: Even in the model, not commitment to a path:
conditionality is still there!
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DSGEs Modeling Forward Guidance

Estimating Forward Guidance

e Add Expected FFR to the measurement equations:

FFRE,tJrk = 400 (Etl/?\t+k +In R*)
= 400 (Zg,.(0)T(0)*s: + Dg,.(0)), k=1,..K

where FFR{ ., is measured either using market expectations (e.g.,
OIS rates), or survey expectations (e.g., Blue Chip financial survey).
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Percent Annualized

DSGEs Modeling Forward Guidance

The Effect of Observing Expected Future Rates

e Introducing expected future rates in the measurement equation
provides information to the econometrician on the state of the
economy, which consists of both i) future policy shocks, ii) other
latent variables — does not necessarily produce more optimistic
forecasts

Interest Rate Output Growth Core PCE Inflation

Percent Q—to—Q Annualized

Percent Q—to—Q Annualized

0 0 -1 -10
2007 2008 2009 2010 2011 2012 2013 2014 2015 2016 2007 2008 2009 2010 2011 2012 2013 2014 2015 2016

-2 -2
2007 2008 2009 2010 2011 2012 2013 2014 2015 2016

e Note: From the ex-post behavior of output and inflation the model
should be able to tell whether the change in expected FFR is due to
a policy shock or bad news
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DSGEs

Modeling Forward Guidance

Historical Decomposition of Output and Inflation in the

FRBNY DSGE Model
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DSGEs

Modeling Forward Guidance

Forecasting using interest rate expectations
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DSGEs Implementing a Forward Guidance Policy Experiment

Implementing a Forward Guidance Policy Experiment

e Suppose that at the end of period T (after time T shocks are
realized) the CB announces that, conditional on the state of the
economy today s7|7 (common knowledge), it expects the future
path of interest-rates to be Rr.1,..., Rr, .

e For the agents, the announcement is a one-time surprise in period
T + 1, corresponding to an unanticipated monetary policy shock
6¢+1 and a sequence of anticipated shocks

R R R ¥
{ef 14127415 -+ €k 741} Where K= H — 1.
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DSGEs Implementing a Forward Guidance Policy Experiment

e The solution to the following linear system of equations determines
the time T + 1 monetary policy shocks &* = [€§—+1,€fK7T+1]’ as a

function of the desired interest rate sequence Rri1,...,Rr, g
RT+1 = DR,, + ZR7, T5T|T + ZR,.R[€§'+17 O, RS O’ €5K7T+1]/
RT+2 = DR,_ +ZR,.T25T|T+ZR,.TR[g’;'_H,O;---,0;€5K7T+1]/
P - f A A-1
RT+H = DR7_—|—ZR7_T 5T\T+ZR,.( ) R[5T+la ,.--,0 61KT+1
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DSGEs Implementing a Forward Guidance Policy Experiment

Iterate forward the state transition equation starting from s
plugging in the policy shocks &" in period T + 1

sraar = T(ED)sriar + RO 0,0, el )
and no shocks afterwards
syt = T(OD)s, 17, t=T+2,....T+H,
(note, the transition equation will take care of putting the

anticipated shocks into the future policy rule)

and plug the future states into the measurement equation to get the
impact on output, inflation ...

e See section 6.3 in Del Negro, Schorfheide (“DSGE Model
Forecasting”, Handbook of Forecasting)
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DSGEs Implementing a Forward Guidance Policy Experiment

... forecasts conditional on an FFR path

Interest Rates Output Growth Inflation
Y ———15 15
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04 -1

0.2 -15

2%07 2008 2009 2010 2011 2012 2013 2014 20f5 2007 2008 2009 2010 2011 2012 2013 2014 201& -02607 2008 2609 2610 Zdll 20&2 2613 2d14 20150'5
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DSGEs Forecasting the Great Recession

Forecasting the Great Recession

In addition to the SW model, we now consider a model with financial
frictions along the lines of Bernanke, Gertler, Gilchrist (1999).

Gross nominal return on capital:

ﬁt" = )\rtk +(1- )\)qf — qf,l +

SW model: arbitrage condition between return on capital and return
on nominal bond:

E.[Rf 1] = R: + by,

where Rf is treated as latent and b; is a shock.
SW-FF Model: arbitrage condition is

Et[éﬁﬂ = Rt + be+-Cop.p (Qf + l;t - ”t) + 0wt

where I?f — R; is treated as observed, G, ; is an additional shock,
and n; is an additional endogenous variable.
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DSGEs Forecasting the Great Recession

Forecasting the Crisis: Model Versions

e SWm: Smets-Wouters model with time-varying inflation target
anchored by long-run inflation expectations. We do NOT use
external nowcasts here.

o SWr-FF: Smets-Wouters model with time-varying inflation target
anchored by long-run inflation expectations and financial frictions.
Utilizes data on spreads until period T.

o SWr-FF-Current: Smets-Wouters model with time-varying inflation
target anchored by long-run inflation expectations and financial

frictions. Also use FFR and spread from current quarter T + 1.

e Spreads: based on Baa bonds versus 10-year treasury rate.
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DSGEs

Forecasting the Great Recession

Forecasting the Great Recession: Oct 10, 2007 (2007Q2

data)

SWr-FF

SWr+Current FFR,Spr

2003 2004 2005 206 2007 2008 2009 2010 201%

Marco Del Negro

2003 2004 2005 2006 2007 2008 2009 2010 2018
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DSGEs Forecasting the Great Recession

July 10, 2008 (2008Q1 data)

SWr SWr-FF SWr+Current FFR,Spr

<>

2004 2005 2006 2007 2008 2009 2010 211 2[]122 2004 2005 2005 207 2008 2009 2010 2011 2[]122 204 2005 2006 2007 208 2009 2010 2011 201%
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DSGEs

SWr

Forecasting the Great Recession

Jan 10, 2009 (2008Q3 data)

SWr-FF

SWr+Current FFR,Spr

2004 2005 2006 2007 2008 2009 2010 211 2[]122
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DSGEs Forecasting the Great Recession

Forecasting the Great Recession: Inflation

SWm SWr-FF SWm+Current FFR,Spr
15 | 15

o 0 26 207 o 2w 0 o o 20 00 2007 208 9 200 2 A 20 206 006 2007 208 009 200 200

See Del Negro, Giannoni, Schorfheide, Inflation in the Great Recession
and New Keynesian Models, AEJ Macro 2015

DSGE and State Space Models
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DSGEs PITs

Evaluation
e Question: are predictive densities are well calibrated?

e Roughly: in a sequential forecasting setting events that are predicted
to have 20% probability, should roughly occur 20% of the time.

e Probability Integral Transforms:
e If Yis cdf F(y), then
P{F(Y)<z}=P{Y < F N2)} =F(F (2)) =z
o PITs
Vi t+h .
Zith :/ (Vi e+l Yi:7)dYi 41
— 00
References for PITs: Rosenblatt (1952), Dawid (1984), Kling and Bessler (1989),
Diebold, Gunther, and Tay (1998), Diebold, Hahn, and Tay (1999), ..., Geweke and

Amisano (2010), Herbst and Schorfheide (2011).
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PITs
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DSGEs Model comparison

Model Comparison

e Question: Does model M fit better than model M5?

e In a Bayesian framework, model comparison is conducted using
Posterior Odds:

p(Malyr.t)  _ pyT| M) p(Mi)
p(Maly1.T) p(y1.7IMz) p(Mz)
—_——— —_———— ———
Posterior Odds Bayes Factor  Prior Odds

e Bayes Factor — the ratio of marginal likelihoods — summarizes the
sample information as to which model achieves the best fit.
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DSGEs

Model comparison

Priors and Bayesian Model Comparisons

e The marginal likelihood (or marginal data density) is the

likelihood of observing the data under model M;, and is computed
as the integral of the likelihood with respect to the prior:

pyrIM;) = / plysr] 0. M:) p(6, M;) d6
—_———

Likelihood

Prior

Likelihood

e Lindley's paradox: flat (or almost flat) priors can kill any model, no
matter how well it fits the data.
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DSGEs Model comparison

Computing the marginal likelihood

Geweke's modified harmonic mean estimator

Harmonic mean estimators are based on the following identity

1 £(6)
plyi7) / p(y1:T|9)p(9)p(0|y1:T)d9,

where /f(&)d@ =1

Conditional on the choice of f(6) an obvious estimator is
-1

1 &m fF(0U))
Ngim =1 p(le‘e(J))p(e(J))

ﬁG(}/l:T) -

where 0Y) is drawn from the posterior p(6]y1.7).
Geweke (1999):

f(0) = 7722m) " Y2|Vy| M2 exp [-0.5(0 — 0)' V,; (0 — §)]
x {(9 — By VN0 - 0) < F;;(T)} .
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